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Abstract: A control algorithm for allocating control effort to a generic overactuated system is designed. In the case
where redundant actuators in the system allow for an infinite number of possible solutions to a desired trajectory, the
controller must decide which solution to take. A PD controller is implemented to solve for the desired force and moment
of the trajectory. Once the forces and the moments are acquired, a cost function is utilized to help guide the choice of the
actuator configuration. This control method is then validated through the simulation of an autonomous surface vehicle
that is utilizing an azimuth thruster propulsion system.
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1. INTRODUCTION
In many applications it is desirable to design an over-

actuated system, that is, a system that has more inputs
than outputs. One of the major advantages of this type of
system is that the redundancy may allow the system to be
more robust in the case of actuator failure. If an actua-
tor stops working in an overactuated system, it may still
be possible for the system to achieve full mobility. The
downside to this is that the addition of redundant actu-
ators accounts to traditionally undesirable traits such as
additional weight, fuel costs, system complexity, etc. Re-
dundant actuators also create an interesting challenge for
the designer of the controller. There may no longer be
a unique input to the controller that can achieve the de-
sired output. Instead, there may be a set of possible solu-
tions or even an infinite number of solutions. In order for
the controller to function properly in this type of system,
it needs an algorithm to help it decide which solution is
most suited to obtain the desired output.

One example of an overactuated system is the Sub-
juGator, an autonomous underwater vehicle (AUV) [1].
It features eight thrusters to help control its six degrees
of freedom while underwater as shown in Fig. 1. The
AUV is designed so that if any thruster fails, it may still
achieve full mobility. There are even certain combina-
tions of two thrusters that may fail without it affecting
the AUV’s ability to control its six degrees of freedom in
the water. The nonlinear controller utilized on the AUV
features a robust integral of the sign of the error feed-
back term with a neural network based feedforward term
in order to achieve semi-global asymptotic tracking with
the presence of complete model uncertainty and unknown
disturbances [2], [3]. The controller has been validated
with both simulated and experimental results.

Fig. 1 Overactuated AUV with illustrated thrust vectors

There are a variety of methods that researchers have
implemented in order to deal with the issue of multiple
possible solutions. One algorithm that was developed
to solve this challenge utilizes the Karush-Kuhn-Tucker
conditions [4]. This method was simulated on an elec-
tric ground vehicle actuated by in-wheel motors. A con-
tinuation of this study, which included experimental re-
sults, incorporated the efficiency functions and working
modes of redundant actuators in order to reduce the over-
all power consumption of the system [5]. In [6], [7],
model predictive control allocation was used with model
reference control to achieve control of an overactuated
system where the actuators had different dynamic author-
ities and saturation limits. The controller was validated
by both simulations and experimental results. Fuzzy
logic was used in [8] to adaptively change the gains of
the control allocution. In [9], two methods for control
allocution to an overactuated system are presented. The
first approach involved an H∞ controller designed using
linear matrix inequalities. The second approach uses an



adaptive weight updating algorithm.
To validate the controller developed in this paper, a

simulation will be performed on an autonomous surface
vehicle (ASV) that utilizes an azimuth thruster propulsion
system, shown in Fig. 2. An azimuth thruster is simply a
marine propeller that can be rotated horizontally to assist
in steering. Since the propulsion devices are steerable,
the interaction of closely positioned actuators can have
an impact on the overall behavior and efficiency of the
system. The interaction of multiple azimuth thrusters was
considered in [10]. However, due to the difficult nature of
modeling these interactions, they will not be considered
in the simulation, but may be included in future work.

Fig. 2 CAD model of the simulated azimuth thruster

2. CONTROL ALGORITHM
For the purposes of this paper, it is assumed that the

system to be controlled:
• Can be actuated
• Spans over all degrees of freedom
• Full model knowledge is available
The controller, which in this case is simply a PD con-
troller, maps the error of the position and orientation to
the required magnitude and direction of the force and the
moment. A block diagram of the control configuration
can be seen in Fig. 3.

The product of the controller, the control input, is a
pure force and moment acting on the center of mass of
a simplified system. Therefore, the controller must be
tuned with a simplified model of the system. The simpli-
fied model is a rigid body with mass and moment of iner-
tia of the system being manipulated in space with a pure
force and moment vector acting on the center of mass of
the system. A block diagram of the controller operating
on the simplified system can be seen in Fig. 4.

The cost function minimizer maps the required force
and moment acquired by the controller to the most cost
effective actuator orientation for the system to reach the
given force and moment. The cost function is composed
of different variables such as error, energy consumption,

Fig. 3 Block diagram of the control configuration

Fig. 4 Block diagram of the simplified system

time to reach desired state of the actuator, etc. The cost
function is minimized to get the most cost effective solu-
tion or actuator configuration. There are several ways to
minimize the cost function: discrete point evaluation, the
steepest descent method, Newton’s method, and combi-
nations of the above [11].

3. SIMULATION MODEL

The validity of the controller will be simulated on an
ASV utilizing an azimuth thruster steering system. The
boat features two trolling motors attached to the stern of
the vehicle that can be independently positioned. The
steering motors are modeled after Dynamixel MX- 64T
servo motors with a maximum speed of 78 RPM . The
steering motors and propulsion motors are attached via
timing pulleys and a timing belt with a total gear reduc-
tion of 1:1. In this simulation, the trolling motors are
assumed to be capable of producing a maximum thrust of
100 N .



3.1 System Dynamics
In order to describe the dynamics of the system, two

reference frames are defined; Let E be a reference frame
fixed to ground.

Ex = to the right
Ez = out of the page
Ey = Ez × Ex

The boat reference frame e, is fixed to the rigid body of
the boat with an origin at the boat’s center of mass.

ex = toward starboard
ez = Ez

ey = ez × ex

The control inputs for the system are two thrust vectors
f1 and f2 with independent directions, θ1 and θ2, and in-
dependent magnitudes, f1 and f2. Fig. 5 shows the ori-
entation of the reference frames used in the simulation as
well as the definitions of θ1 and θ2.

Fig. 5 Reference frames used in the simulation

In this model, f1 is the magnitude of the thrust vector
of the port motor, while f2 is the same for the starboard
motor. The magnitudes of f1 and f2 are restricted to val-
ues of -100 N to 100 N . The value of θ1 is limited from
100° to -50°. Similarly, θ2 is limited from -50° to 100°.
The overall mass and inertia of the boat are defined as m
and I respectively. The parameters rx1 , ry1 , etc. describe
the distances in the ex and ey directions from the center
of mass to the point of rotation for both of the trolling
motors. Finally, θ is the angular offset between E and e.
θ also describes the orientation of the boat with respect to
the global coordinate system.

The underside of the ASV with motors in an arbitrary
orientation and thrust magnitude can be seen in Fig. 6
while the values for the simulated ASV’s geometric pa-
rameters are displayed in Table 1.

The simulated boat has the following equations of mo-
tion,

Fig. 6 CAD model of the underside of the simulated
ASV with definitions of geometric parameters

Table 1 Simulation Parameters
Parameter Values

l 1.75m
w 0.86m

rx1,x2 ±.30 m
ry1,y2 -.15 m
m 36.29 kg
I 13.92 kg ·m2

ẍ =
−f1
m

sin(θ1 + θ)− f2
m

sin(θ2 + θ), (1)

ÿ =
f1
m

cos(θ1 + θ) +
f2
m

cos(θ2 + θ), (2)

and,

θ̈ =
rx1

I f1cos(θ1) +
ry1
I f1sin(θ1) + . . .

. . .+
rx2

I f2cos(θ2) +
ry2
I f2sin(θ2).

(3)

3.2 Controller
The goal of the controller is to acquire the forces re-

quired to maneuver the ASV in 2-D space. The controller



maps the error between the global position, velocity, ori-
entation, and angular velocity of the vehicle with the ref-
erence global position, velocity, orientation, and angular
velocity to the required force and moment,

controller :


ex
ėx
ey
ėy
eθ
ėθ

 =


x− xref

ẋ− ẋref

y − yref
ẏ − ẏref
θ − θref
θ̇ − θ̇ref

 →

 fxreq
fyreq
mzreq

 .

The required forces are designed as follows,

 fxreq
fyreq
mzreq

 =

kx1ex + kx2 ėx
ky1ey + ky2 ėy
kθ1eθ + kθ2 ėθ

 , (4)

which is essentially a PD controller.

3.2.1 Tuning Gains
Eq. (4) can be decoupled into three separate systems

as shown in Eq. (5),

u =

kx1 kx2 0 0 0 0
0 0 ky1 ky2 0 0
0 0 0 0 kθ1 kθ2



ex
ėx
ey
ėy
eθ
ėθ

 . (5)

The full model of the system can be simplified to forces
acting on a rigid body as mentioned in section 2. Us-
ing Newton’s second law, the simplified system is repre-
sented as:

fx = mx
fy = my
mz = Iθ.

This can also be represented in state space form,

v̇ = Av +Bu,

where,

A =


0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

 ,

is the system matrix,

B =


0 0 0
1
m 0 0
0 0 0
0 1

m 0
0 0 0
0 0 1

I

 ,

is the input matrix,

v =


x
ẋ
y
ẏ
θ

θ̇

 ,

is the state vector and,

u =

 fx
fy
mz

 ,

is the input vector. The method of pole placement can
be used to solve for the gains of the controller which are
shown in Table 2.
Table 2 Simulation Gains

Gain Values
kx1 50
kx2 85.1908
ky1 50
ky2 85.1908
kθ1 70
kθ2 45.7105

3.3 Optimization Using a Cost Function
The cost function minimizer maps required force and

moment to an actuator configuration,

minimizer :

 fxreq
fyreq
mzreq

 →


θ1
f1
θ2
f2

 .

The actuator configurations are obtained by minimizing
the cost function as mentioned in section 2.


θ1
f1
θ2
f2

 =

arg
θ1
f1
θ2
f2

 ∈

min
100° → −50°

−100N → 100N
−50° → 100°

−100N → 100N

V,

where,



1
2k1(efx)

2 + 1
2k2(efy)

2 + . . .
V = . . . 1

2k3(emz)
2 + 1

2k4(f1)
2 + . . .

. . . 1
2k5(f2)

2 + 1
2k6(θ1)

2 + 1
2k7(θ1)

2,
(6)

efx = fx − fxref
efy = fy − fyref
emz = mz −mzref ,

and the cost function gains are defined in Table 3. The
cost function gains are determined by the performance
that the user requires of the ASV. For example, if the user
desires very accurate positioning without regard to fuel
costs, they would weigh k1 and k2 more heavily than k4
and k5.
Table 3 Cost Function Gains

Gain Description Values
k1 force error in x-direction 1000
k2 force error in y-direction 1000
k3 moment error 1000
k4 port energy 10
k5 starboard energy 10
k6 variation in θ1 1
k7 variation in θ2 1

The cost function contains the error between the re-
quired force acquired by the controller from section 3.2
and the force output from the modeled system. This
model maps the actuator configuration to the expected
force.

model :


θ1
f1
θ2
f2

 →

 fx
fy
mz

 ,

fx = −f1s1 − f2s2
fy = f1c1 + f2c2
mz = rx1f1c1 + ry1f1s1 + rx2f2c2 + ry2f2s2,

(7)

where,

s1,2 = sin(θ1,2)
c1,2 = cos(θ1,2).

The advantage of placing f1 and f2 into the cost func-
tion is to penalize high energy consumption. Similarly,
placing θ1 and θ2 into the cost function helps minimize
energy consumption as well as strain on the actuators.

To minimize the cost function, a brute force approach
was used. The cost function is evaluated 160k times
with different combinations of actuator efforts. All of the

evaluations were compared and the effort with the low-
est associated cost was assumed to be the solution at that
point in time. While this method ensures that the cho-
sen actuator configuration minimizes the cost function, it
is slow compared to other numerical algorithms such as
constrained nonlinear optimization or Newton’s method.
Assuming a 2MHz processor, the loop time using this
method is approximately .5 Hz. In order for the actual
ASV to perform properly, the motors will require an up-
date speed of approximately 20 Hz. One way to speed
up the controller is to calculate all possible outputs for a
given set of inputs offline and put them in a lookup table.
While this method is faster, it requires a very accurate un-
derstanding of the system dynamics in order for it to be
effective.

4. SIMULATION RESULTS
The simulation in this study was performed on MAT-

LAB and Simulink. In the simulation, the modeled boat’s
center of mass was positioned at rest on the origin of E
with a heading along Ey . At 1 second, the boat was given
the waypoint with coordinates (4,3) and an orientation of
45° measured from Ey in the anti-clockwise direction.
The results of the tracking of each of the three reference
signals can be seen in Fig. 7. The overshoot in the track-
ing stems from the friction of the water not being incor-
porated into the simulation. On the actual boat, water will
act as a dampener to slow down the boat as it approaches
the desired waypoint.

Response.eps

Fig. 7 Waypoint and orientation response

In Fig. 8, the four actuator efforts of the system are
plotted vs. time. The first two plots show the port mo-
tor’s orientation, θ1, and thrust magnitude, f1, during the
simulation. Similarly, the last two plots show the star-
board motor’s orientation, θ2, and thrust magnitude, f2.



It should be noted that the actuator efforts will be subject
to ramping functions which will smooth the abrupt signal
changes and reduce the strain on the actuators.

Fig. 8 Simulation outputs plotted vs. time

5. CONCLUSION
The issue of controlling a system with a redundant set

of actuators was considered. A control algorithm for min-
imizing the cost function of the controller was developed.
Next an ASV actuated by two azimuth thrusters was mod-
eled in order to conduct simulations to check the validity
of the controller. In future work, the modeled ASV will
be constructed and empirical data of the vehicle utilizing
the controller will be gathered. This data will be com-
pared to the simulated results of this paper. Other future
work will be to include in the cost function the negative
effects on efficiency caused by interaction between the
two thrust motors.
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